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Polynomials of Binomial Type from Truncated Delta Series 
HEINRICH NIEDERHAUSEN 
Sequences of binomial type are thoroughly structured polynomial sequences. We view them as 
being parametrized by their delta series, and study the influence of the lower order parameters 
on the polynomials. By omitting the first k parameters from the delta series and shifting the 
remainder to the left, the kth level of the given sequence is defined. The umbral composition of 
those level sequences with (~) shows interesting properties. In terms of species, we give a 
combinatorial interpretation of what is means for a binomial sequence to coincide with its kth 
umbrallevel. 
1. INTRODUCTION 
In a polynomial sequence (bn(x» each polynomial bn(x) is of degree n. We denote 
the coefficient of xi/if in bn(x) by bn,i' Obviously, the polynomial sequence (bn(x» is 
completely determined by the sequence of coefficients bo,o; bl,o, bl,l; ... ; bn,o, 
bn,l' ... , bn,n; .... However, a sequence of binomial type has so much structure that 
it can be described by using only the coefficients of x, i.e. bl,v b2,1, b3,11'" • 
Depending on a scaling by n!, such polynomials are also called sequences of divided 
powers, and they owe their name to the convolution property 
n 
bn(x + y) = L bk(x)bn-k(y) for all n = 0, 1, ... 
k=O 
Famous examples are xn In! and (~). The above identity implies that bo(x) == 1 and 
bn(O) = 0 for all n = 0, 1, .... For more details on sequences of binomial type we refer 
to Rota, Kahaner and Odlyzko [5]. . 
The following well known fact shows how rich the class of binomial polynomials 
must be. Given any sequence Pv P2, P3"" of numbers, there exists a sequence 
(bn(x» of binomial type having these numbers as coefficients of x, i.e. Pn = bn,l for all 
n ;a. 1, iff PI =1= O. The generating function P(t) = ~n"'l Pntn is directly related to the 
generating function of the polynomials via 
L bn(x)tn = exP(t) [4, p. 693]. (1.1) 
n .. O 
In [4], P(t) is called the delta series conjugate to (bn(x». More about the coefficients 
can be extracted from the expansion 
P(t)i = L bn,irn [4, p. 697]. (1.2) 
n .. O 
We view Pv P2' ... as parameters which shape the binomial sequence (bn(x». Most 
important is Pv because a corresponding (bn(x» exists iff PI =1=0. What does P2 do to 
(bn(x»? In [2] we showed that enforcing the additional condition O=l=P2 (=b2,1) has an 
amazing effect on the coefficients bn,i on the whole. They all become values of some 
other sequence (b~) of binomial type, bn+i,i = b~(i) for all i = 1, ... , n. 
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i = 1 2 3 4 
As an example for a sequence of betas with non-vanishing linear and quadratic term, 
we look at the delta series P(t) = t + t2 which is certainly 'minimal' in that class. From 
En .. o bn(x )tn = exP(t) follows that 
n ( i ) Xi bix) = 2: . ~. 
i=O n -I l. 
Therefore bn+i(i) = (~), and b~(x) = (~), n ~ 0, are the corresponding 'coefficient 
polynomials' . 
Being of binomial type, the coefficient polynomials have to satisfy the convolution 
identity. Hence, 
n-j 
bn.i+j = 2: bk,ibn-k,j' 
k=i 
As shown in [4, Proposition 4.3] this relation always holds, even if no coefficient 
polynomials exist. 
After we have seen the significance of P2, it is quite natural to ask what kind of 
structure is governed by P3, P4' etc. To investigate this question, we cut off the 
beginning and shift down the rest of the p-sequence. Then, as a first step, we define the 
kth level sequence as the binomial sequence conjugate to Pk+lt + Pk+2t2 + ... (for 
Pk+l =1= 0). Some of its properties are described in Section 2. 
It turns out that the umbral composition of the kth level polynomials with (~) is 
more convenient to work with. In Section 3 we derive recursion formulas for successive 
levels of the umbral sequences. We use Laguerre and Fibonacci polynomials as 
examples. 
The model sequence of binomial type, (xn In!), originates from PI = 1, Pi = 0, for 
i ~. 2, but is poor with regard to coefficients. Close relatives of that sequence, the Abel 
polynomials an(x) = x(x + nt-lIn!, are also very special among their peers. They are 
the only sequence of binomial type which 'equals its own coefficients', 
In Section 4 we show how this sequence is related to rooted trees, and which species of 
structures arise if sequences of binomial type equal their higher level umbral 
sequences. 
The following naming conventions will be used throughout this paper. One letter (in 
upper and lower case, and Greek font) will describe a whole family of related terms. In 
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the generic case this letter is 'b': 
f3n 
(bix» 
n~l 
n;;!=l 
f3(k)(t), f3~k), (b~k)(X», b~~), B(k) 
P(k)(t), P~k), (ll~k)(x», ll~~), p(k) 
delta series 
coefficient of tn in f3(t) 
sequence of binomial type conjugate 
to f3(t) 
coefficient of xiIi! in bn(x) 
delta operator associated with (bn(x» 
the kth level of f3(t), f3n, etc. 
the umbral kth level 
2. THE kTH LEVEL 
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Every sequence (bn(x» of binomial type uniquely defines a linear operator B on the 
algebra of polynomials by setting 
for all n ~ 1, and Bl = O. 
Such an operator B is called the delta operator associated with (bn(x», and B can be 
formally expanded in terms of the derivation operator D: xn~nxn-I, 
B = B(D) = ~ BiDi (see [5]). 
i~l 
The set of all delta operators is isomorphic to the set of formal series which admit a 
compositional inverse, i.e. the delta series (see [5]). Hence, we will identify delta 
operators with those power series in ~[tB, the constant term of which is zero, and the 
linear term of which does not vanish. That is also true for the compositional inverse 
f3(t) of B(t), B(f3(t» = t. Viewed as an operator, 13 is called the inverse operator of B, 
and the corresponding sequence of binomial type is inverse to (bn(x», in the sense of 
umbral composition. 
On ~[tB, we define the shift operators 9*, k = 0, 1, ... , by 
Note that {yk lk=O,I, ... } is a monoid on {f(t)eK[t]lf(O)=O}. For any delta 
series 13, 9*13 is again a delta series iff the coefficient f3k+I of tk+ I in f3(t) is different 
from O. 
DEFINmON. If the coefficient f3k+1 of tk+ I in the inverse delta series 13 of a delta 
operator B is different from 0, then the kth level operator B(k) of B is the inverse 
operator of 9*13. We call B the Oth level operator, B = B(O). When a superscript is used 
to indicate the level, it will be surrounded by parentheses to avoid confusion with 
powers. 
Writing f3(k) short for 9*13, we obtain the following diagram: 
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What are the relationships between the corresponding sequences of binomial type, 
(bn(x» and (b~k)(X»? From (1.1) we calculate the generating function of the kth level 
polynomials as 
(2.1) 
fI'< is a linear operator on ~[t]. Together with (2.1) this proves Lemmas 1 and 2. 
LEMMA 1. If the kth level sequence (b~k)(X» of (bn(x» exists, then (b~k)(rx» is the 
kth level polynomial of bn(rx) for all non-zero real r. 
For periodically geometric delta series P(t), we have: 
LEMMA 2. Suppose a is a positive integer, and P(t) is an eigenfunction of ga; that is, 
gap = rp for some real number r "* O. For any non-negative integers k and c holds 
b~ak+c)(x) = b~c)(rkx), 
if Pc +1 "* O. 
EXAMPLE 1. Let r "* 0 be a real number, and L = D I (rD + 1). This delta operator is 
called the Laguerre operator in [5]. Its inverse, A(t) = tl(1 - rt), is an eigenfunction for 
yl with eigenvalue r. From the generating function (1.1) one can calculate 
~ (n -1) .. In(x) = .LJ . rn-'x'li!, 
i=1 n-l 
the corresponding (Laguerre-)polynomials of binomial type. Following Lemma 2 we 
obtain the kth level polynomials as 
l~k)(x) = In (rkx ). (2.2) 
From ykP = ylyk- 1P we can find the kth level polynomials recursively, using the 
generating functions (2.1) and (1.2). 
THEOREM 1. Let k be a positive integer. If Pk "* 0 and Pk+l "* 0, then 
b(k)(X) = ~ ~ ~ (i)(_ R )i-ib(k-l) 
n .LJ ·f.LJ· Pk n+/./ ' i=l1. i=O ] 
where b~k+jy is the coefficient of xi Ij! in b~\/)(x). 
REMARK. 1. The omitted straightforward proof of Theorem 1 consists of comparing 
coefficients of tn. That results in a summation range for i starting at 1, without an upper 
bound. But knowing that b~k)(X) is a polynomial allows us to terminate the outer sum 
at i = n. In other words, the inner sum vanishes for i > n. Another reason for this will 
be obvious from Theorem 2(ii). There we will prove the existence of a polynomial of 
degree n which maps j into p~-ib~k+jy. Therefore, the inner sum equals the ith 
(forward) difference of that polynomial at x = 0, which is 0 for i > n. 
EXAMPLE 2 (Fibonacci numbers). Suppose 
cp(t) = tl(1- t - t2) = L CPn_ltn, where CPo = CPl = 1, CPn+l = CPn + CPn-l 
n~l 
are the Fibonacci numbers. In this case, 
ykcp(t) = (yk-l + fI'<-2)cp(t) for all k ~2. (2.3) 
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Hence, 
L f~k)tn = exp{x9'k/p} = exp{xyk-l/p} exp{x9'k-2/p} , 
n .. O 
and the corresponding level polynomials f~k)(x) must satisfy the identity 
n 
f~k)(x) = L ffk-l)(x)f~k_i2)(x). 
i=O 
Repeated application of the recursion (2.3) gives the following expression for yk/p(t): 
9'k/p(t) = /Pk_l9'l/p(t) + /Pk-2/P(t) = (/Pk + t/Pk-l)/P(t). 
Defining a = (1 + VS)/2, and b = (1 - VS)/2 this can be written as 
9'k/p(t) = t(a/pk + /Pk-l)/VS _ t(b/pk + fPk-l)/VS 
1- at 1- bt 
= ~ (a k (1 + a2) + bk (1 + b2») 
5 1- at 1- bt ' 
where we used that /Pk = (ak+l - bk+1)/VS. Hence, an explicit expression for f~k)(x) 
follows from the generating function (2.1), 
n 
f~k)(5x) = L pj(xak(1 + a2»qn_ixbk(1 + b2», 
j=O 
where (Pn) and (qn) are the Laguerre sequences corresponding to D/(aD + 1) and 
D/(bD + 1), respectively (see Example 1). 
3. UMBRAL COMPOSITION 
An umbral operator is a basis transformation in the algebra of polynomials [4, ch. 7]. 
Suppose that (bn(x» and (qn(x» are sequences of binomial type with delta operators B 
and Q, respectively. The umbral composition of (bn(x» and (qn(x» generates the 
polynomials 
n 
bn[q·(x)] = L bn,iqi(X) = Ubn(x), 
i=O 
where U stands for the umbral operator mapping Xi / i! into qi(X). The sequence 
(bn[q.(x)]) is again of binomial type, associated with the delta operator B(Q). The kth 
level polynomials simplify after umbral composition with «~»n .. O' the sequence of 
binomial type associated with the forward difference operator A = eD - 1. We 
distinguish the umbra I from the original by underlining, so we write 
and 
For the inverse P(k) of lJ(k) one has 
(3(k) = 9'k{3 = A(P(k» = eP(') - 1. (3.1) 
Three interesting connections between the original and the transformed are given in 
the following proposition. 
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PROPOSITION 1. If pk+1 =1= 0, then for n > 0: 
(i) P~k) = b~k)(l); 
n ( l)i+1 
(ii) R(k) =" - b(k). J::n L.J . n.l' 
i=1 I 
k 
(iii) pet) = L Pn~ + tk(eP(k)(t) - 1). 
n=1 
PROOF. P(k) is inverse to Bk(L1), which is associated with the sequence (b~)W)])n .. O 
of binomial type. This implies (i). It follows from (3.1) that P~k) is the coefficient of tn 
in In(l + p(k)(t». Applying (1.2) to p(k)(t) gives (ii). Note that tkykp(t) = p(t)-
E~=l Pntn, and use (3.1) to obtain (iii). D 
EXAMPLE 1 (continued). For simplicity, let r = 1. For all k ~ 0 
L,(k)=L(L1)=l-e-D = V 
is the backwards difference operator. Hence, l~k)(x) = (X+~ -I). Using Vandermonde 
convolution, this answer can also be obtained from the umbral composition of l~k)(x) 
(see (2.2» with «:'»m ;;.O' 
The promised simplification of level polynomials through umbral composition with 
((~»n;;.O is achieved in the next theorem. 
THEOREM 2. Let k be a positive integer. If (bn(x» is a sequence of binomial type 
such that 13k =1= 0 and pk+1 =1= 0, then: 
n 
(i) l?~k)(m) = L b~k+jy(j)(l- pk)m-j ; 
j=O 
(ii) b~k)[(~)/pd = pkmb~\-';'!m; 
n Xi 
(iii) b~k-I)(X/ 13k) = L b~~i[n/ pd"7f ' 
i=O l. 
for all n ~ 1 and m ~ O. 
PROOF. From (3 .1) and (1.1) we obtain l?~k)(m) as coefficient of tn in 
emP(k)(t) = (1 + p(k)(t»m = (1 - 13k + t-Ip(k-t)(t»m. 
Binomial expansion proves (i). Replacing pet) by f3(t)/pk shows how (ii) follows from 
(i). (iii) follows from (ii) if we write explicitly 
b(k-I)(X/p ) = ~ b(k~l)p-i~ 
n k LJ n .' k., 
i=O l. 
D 
COROLLARY 3.1. If 13k = 1 then 
b~k)(X) = eXAl?~k)(y )Iy=o 
(the forward differences on the right-hand side are taken with respect to the variable y). 
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PROOF. By Theorem 1 and Theorem 2(ii), 
b~k)(X) = i ~ t (~)( -l)i-jb~k)[(~)] = i ~ .1iQ~k)(Y)ly=o 
.=ll. }=O ] .=11. 
(see also Remark 1). o 
We want to have a closer look at the levels k = 1 and k = 2. In each case, assume 
that 1 = bk.l (=fJk) ' This can always be achieved by substituting x/bk,1 for x. 
Proposition l(iii) shows that 
fJ(t) = te!J<!)(t) 
= t 2eP(2)(t) + bl It 
if bJ,1 = 1 and b2 .14=0, 
if b2, 1 = 1 and b3. 1 4=0. 
COROLLARY 3.2. If (bn(x» is a binomial sequence such that bl,l = 1 and b2 •1 4=0, 
then 
Q~l)(m) = bn+m,m' 
for all non-negative integers nand m. 
PROOF. Use Theorem 2(ii) for k = 1 with PI = 1 and bJO) = bj • o 
COROLLARY 3.3. If (bn(x)) is a binomial sequence such that b2•1 = 1 and b3 . 1 4=0, 
then 
Q~2)(m) = f (":)( -bl.l)m-jbn+m+j.j 
j = O ] 
for all non-negative integers nand m. 
PROOF. By Theorem 2(ii) , Q~2)(m) = b~llm .m' Apply Theorem 1. o 
EXAMPLE 2 (continued). The Fibonacci polynomials (fn) are easily computed from 
their first level umbral sequence (f~I)(X». q;(t) = t/(l- t - t2) = teP(I)(t) implies that 
(f~I)(X)) has the generating function (1 - t - t2)-x. Hence, 
f~I)(X) = i (j - 1. + X)( j .), 
j=O ] n - ] 
and 
(by Theorem 2(iii» . 
4. FLAT SEQUENCES 
If the first k entries in the sequence fJl' P2, . .. just repeat themselves over and over, 
so that fJI = fJk+1 = fJ2k+1 = .. " fJ2 = fJk+2 = fJ2k+2 = .. " fJk = fJ2k = fJ3k, we must 
obtain bn(x) = b~k)(X) for all n ~ 0, as mentioned in Lemma 2. The periodicity is also 
necessary for having bn(x) = b~k)(X). But what condition is necessary and sufficient for 
making a sequence (cn(x)), say, equal to its own kth level umbral sequence (r~k)(x»? 
We call such a sequence (of binomial type) k-flat. Let y(t) be the delta series conjugate 
to a k-ftat (cn(x)) . Proposition l(iii) requires that 
k-l 
y(t) = 2: Yntn + tkey(t), (4.1) 
n=l 
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when we make Ck,l = 1. Let C§(t):= 1:~:~ Yntn. Identity (4.1) uniquely determines y(t), 
as we shall show by Lagrange inversion. Using the notation of P6lya and Szego [3], we 
set z = y(t) - C§(t), w = tke'§(t), and cp(z) = eZ, so that zlcp(z) = w. The inversion 
formula gives 
(4.2) 
From there it is straightforward to calculate Yn in terms of Yv ... , Yk-1' 
PROPOSITION 2. Suppose that (cn(x» is a k-flat sequence with generating function 
exy(t). If Yk = 1, the coefficients Yn of tn in y(t) are given as -
[nlkJ 1 n-kj /+i-1 i 
Yn = L 1 L -.-, L IT y;,., j=O]'i=O,i+j""l l. m,~n-kj s =l 
where the last sum runs over all ordered partitions (=compositions) of n - kj into i 
positive numbers mv ... ,mi' The factors Y;" equal Ym for m = 1, ... , k -1, and are 
zero for m ~ k. For i = 0, the product is 1. [nlk] stands for the largest integer ~nlk. 
PROOF. By (4.2), 
(4.3) 
Picking the coefficient of xtn gives the result. D 
So we found that for every starting sequence Yv ... , Yk-1 with Y1"* 0 there is a 
continuation Yk = 1, Yk+V ... which generates a k-flat binomial sequence (cn(n ». How 
to calculate the extension is shown in the above proposition. For the easiest case, we 
choose Y1 = 1, and 0 = Y2 = ... = Yk-b i.e. C§(t) = t. In this case we derive from (4.3) 
that 
[nlkJ x(x + jY+n-kj-1 
cn(x) = L ., ( _ k,)' 
,=0 ]. n J. 
(k ~2). 
For k = 2 we are left with Yl = Y2 = 1, and (4.4) gives 
[n/2J ( + ')n-i-1 
( ) _ (2)( ) _ "" x X l Cn x -{;n x - LJ ., ( -2')' 
Proposition 2 shows that 
1=0 l. n l. 
[n/2J 'n-j-1 
Yn = L ., ~ 2,)' j=o], n - / . 
(4.4) 
for n ~ 1. If we choose k = 1, we obtain~t) = 0, and it becomes obvious from (4.3) 
that 
cn(X) = {;~l)(X) = x(x + nt-lin!. 
Note that m(m + nt-lin! = cn(m) = cn+m,m for these polynomials. Thus, this sequence 
of polynomials serves as its own coefficient polynomial sequence! The associated delta 
series Y solves the equation 
y(t) = tey(t). 
Hence, y(t) is the exponential generating function (Hurwitz series) of the number of 
rooted labelled trees, i.e. n! Yn = nn-l (Cayley's formula-the n! cancels against the n! 
in the denominator of the terms in the Hurwitz series). On the general kth level, 
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FIGURE 1. The species C€ (on at least k elements). 
identity (4.1) can be combinatorially interpreted using the theory of species [1]. 
Suppose that C§Ct) is the Hurwitz series of a species ri, i.e. for m = 1, ... , k - 1, an 
m-element set has m! Ym structures in that species (and there are no structures on other 
sets). Denote the species with exactly one structure on singletons (and no structures 
elsewhere) by fr. Finally, write ~ for our species with Hurwitz series yet). (4.1) is now 
expressed as 
~ = ri + frk exp(~). 
In Figure 1, every circle represents a permutation of k elements. All internal nodes 
of the tree have to be such permutations. The shaded disks represent structures from ri 
on 1 to k - 1 elements. They may occur only in the leaves of this rooted tree. On sets 
with less than k elements, ~ agrees with ri. For k = 2 we calculated above that ~ has 
In(2) "n-I-j 
, _, _" n.J 
n. Yn - n. Cn,l - LJ -.'-(-=----2-')-' 
}=o J. n /. 
structures on n-sets (n > 0), if ri = fr. In this special case, the shaded disks may be 
seen as 'ordinary leaves', and the circles as double nodes, connected by double lines 
which are either parallel or cross each other. 
EXAMPLE 3. Suppose that C§Ct) = (1 + t)k-l - 1. ri is the species of injective 
mappings from non-empty finite sets into {I, ... , k -I}. For k = 4, the species ri has 
no structure on the empty set, or on sets with more than three elements, 
'---'---JIL---J· I I I· I I I· I I I • I I· I I I· I· I I· I • I 
three structures on I-sets, three structures on 2-sets, 
I ·1 ·1·1 
and one 
structure 
on 3-sets. 
The number of structures in ~ on n-sets can be obtained in two ways, from Proposition 
2 or directly from (4.3): 
/+i-l i (k -1) 
n! Yn = 2: -.,-., 2: n 
O~i+kj~n l.J. m,+m2+"'+m;=n-kj, ms>Os=1 ms 
= 2: /+i-l2: (i)(Sk - S)( -ll-s. 
O~i+kj~n i! j! s S n - kj 
For k = 4 and n = 9 one can observe the following types of structures in ri. In Figure 2 
each dot represents one of the nine labelled elements. The oval nodes contain any of 
the 4! permutations on four elements. The rectangular leaves are possible structures 
from ri. 
The total number of such labelled trees on nine elements is 15431472 = 9! Y9' 
Y9 = 42.525 is the coefficient of t9 in yet), but also of x in C9(X) and f~4)(X) 
simultaneously. 
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